
Existence of pseudo holomorphicdisksvianon archimedean disk potentials

Review diskpotential for monotone Lagrangian LsubseteqX

1l well known enumerative invariant for a monotone lag LsubseteqX

is the algebraic count of Mastor 2 pseudoholomorphicdisk boundedby L

Eliashberg Polterovich Auroux Vianna
9397

betainH2leftXLright with Maslov index muleftbetaright2 J w tame almost cx Str

Considerthemodulispaceof J holomorphicdisks with oneboundarymarkedpt

M1leftLbetaJrightuleftmathbbDpartialmathbbDrightrightarrowleftXLrightoverlinepartialJu0leftxrightbeta Aat leftmathbbD1right
dimension nmuleftbetaright2ndimleftLright

The degreeof the evaluationmap J generic

evM1leftLbetaJrightrightarrowLlefturightrightarrowUleft1right

gives a number nbeta signed count of disks in theclass beta



Assemble them intothe diskpotential of a monotone Lagrangian L
Spwsymplecticenergy

WLsum_betainH2leftXLrightnbetaeEleftbetarighthdnablaleftpartialbetaright

holonomy

nabla unitaryflat

connectionRemarkIn SYZ mirror symmetry this WL corresponds to

cf.theLandau Ginzburg mirrorsuperpotential on a mirror space Auroux

Tdualitypaper



Question generalization of WL to nonmonotone Lagrangian L

Fukaya Oh Ohta Ono

WLMCleftLrightrightarrowDelta
Manner Cartan set ie the set of weak bounding

cochainNovikov

field ring

This setting works for very general Lagrangian

However the setting of also has its own

advantages.a
Laurentpolynomial

Because the WL in can be viewed as a function on a space

while MCleftLright in 2 is often just a

set.ExFor instance V ianna uses the Newtonpolytope of WL in

to produce some
applications.not make sensefor



Concretely if we choose a basis gamma1ldotsgamman of H1leftLright and

write yiholnablaleftgammairightinmathbbCpartialbetapartial1betacdotgamma1ldotspartialnbetagamman
then becomes a Laurent polynomial

WLlefty1ldotsynrightsum_muleftbetaright2aEleftbetarightnbetay1partial1betaldotsynpartialnbetaleftmathbbCrightnrightarrowmathbbC
sumTEleftbetarightYobetanbetaleftTe1right

Ex If XmathbbCmathbbD2 and LsubseteqX central momentmapfiber

WLy1y2fraccy1y2 forsome CL



Goal Now when L is not necessarily monotone we aim to build

an intermediate framework between and 2 so that

WL can bestill viewed as a function on a space

in what categoryof spaces

Application

The welldefinedness of such generalized disk potential

Theorem Let leftLssinleft01rightright be a smooth isotopy of
graded Lagrangian submanifolds Assume L0 is monotone and

WL0neq0 Then for every S WLSneq0 and
classicalto be

definedforevery
co tame J there exists a Maslov 2 3 holo

disk boundedby Ls



microsoft.EE
zed Goodman Ivrii If X 1 is

oneof C cP S xS any two Lagrangian torus

in X are Lagrangian isotopic to each other

Condley In this case forevery w tame

every Lagrangian torus L EX bounds a Maslov 2

J holomorphicdisk

In particular for X we retrieve a basic case of
Andin's conjecture Viterbo Polterovich

Now go back to our goal

b valizat.in dskpotentil



Ie NL may contain infinitely many terms

eg α EHz X L MK o
Maslow zero disk

βEHzlX L up 2
M β ka 2 for kez

First we shouldworkwith the Novikov field

A E ai T Rier dictine to

Since WL C C in the monotone case one may

expect that in general we have
NL A A

UI
However we actually only have WL trop V A

ymdue to the convergence issue analyticopen subset Berkovich
geometry

We will define the generalized disk superpotential as a functor

An algebras
with certainmobsmetedconditions

analyticfunctions on

some domainof 1



i msn.me
relatively spin closed oriented etc

β E H2 X L J co tame almost complex structure

Mkti β
J L

Σ nodalcamewith boundary

Σ U Zo z Zr Zie2Σ

u Σ as X.LI
T holomorphic

Roughlyspeaking with some extra choice the moduli
space gives an operation

Mkti β J L
en is

left
Kuranishi structure

map ACL ACL FukayaOh OhtaOno

hi hn evi et h n net hr



AxiomsforFukagastodgems

a Fix 3 Thereexists a set N J of virtualfundamental chains
d

such that any
element E partialtopology Riemannianmetres

is associatedwith an Ao algebra m E
Kuranistristructure obstructionbundledata

CF perturbationdata

1b For different choices J E 3 I
there is a palfstory

between m
E and m

3 E

gives an Ao homotopy equivalence

Using thehomological perturbation we can make m
E

an Aaalgebra

on HILI insteadof ECL

Given m m
E

we set
formalpowerseriesgroupring

Wn Σ TE β y β moβ Δ MILI

βEHzX.LI

MBI 2



Here
mo.pe H

Mβ L If ups 2 thenMop is a number

This precisely mimics themonotone case with Np Moβ
éEβl TEβ

hoblop yoβ

We require thattheMastor index McBI 0 if some TU β

So mo.peH MP L either HO

or H

Unlike themonotone case this is not invariant and depends on
extra auxiliary choices

However with certain unobstructedness condition we can make Wm
invariant up to analyticisomorphism

Twepropose

Qm Σ TEBy β mop
Mip 0 T

E H L



Observation Upto a coordinate change a solution to Qm is essentially

a weakbounding cochain Using divisoraxiom transfersQm to MaurerCartaneg

If it exists then we say the Analgebra in unobstructed intheliterature

Def we say the Ao algebra m short
obstructed

if Qm 0

Idea
individualsolution

totheManner Cartan equation
ms

View theManner Cartanequations

as analytic functions

Remarks This is much stronger but
reasonable since monotone Lagrangians

are strongly unobstructed noMaslov disks

Claim With strong
unobstructedness assumption we have

m Wm

An
homotopequi.tt 5 Yr YpexpFp y yn

m Wm

G Autz GGladtimpoanalyticison



Furtherdirection

1 In the monotone case Vianna studies the Newtonpolytope

of the diskpotential Laurentpolynomial to distinguish Lagrangian tori

In the non archimedean geometry Einsiedler Kapranov Lind 200
introduced thededNeopolytope

f Σ as y y y y
we 2 as A Novikov

Convex hullof v s E 2 x IR s valiant

Its projection is precisely the Newtonpolytope

rigidity nonarchimedean

Symplectic geometry analytic structure

flexibility



IquichrviewfBekorichgeometry

Roughlyspeaking.we can do analytic geometry over Novikovfield non archimedean

k 11 is a nonarchimedeanfield 1 91 max 1 1 ly

Tate algebra
pct tn Σ anti T asek

262 11,197 0

affinoid algebra
A k T Tn

I

TheBerkovich spectrum

MCA the set of multiplicative seminorms on A
extending the nonarchimedean norm on k

Remark A k Ti Tn Then

MaxIdeal A x exir xn e k Ixil 1
M

In a pan 111 ggmoneyigniggism
1 1 A Ro f Σ as T f x



Def A Blerkovich analytic space is a locally ringedspace X Ox
suchthat EX admits an openneighborhood U

an affinoid algebra Au
with

U 0 10 MCAU

In brief the basicbuildingblocks are affinoidalgets
and theirmorphisms

Analytification of algebraic variety X no X

A So A Spec A y
ᵗ
yt A

Explicitly A
an the set ofmultiplicative seminous on 11Cyi y

and everypoint fEXM defines such a seminorm

called classicalpoints Type I points



The tropicalizationmal

trop A R
x Xn legixil login

i e lx h log ly x loglyn x

It is a continuous surjective andpropermapwithrespect to the Euclideantopology
andthe analytictopology on A

an

Let Z trop co and let

9 fi.ms O tropters

be the ring of germsof analytic functions on Z

Then the previous Wm E G


